Abstract. In this paper we prove that if X is an irregular 3-fold with χ(ω X ) > 0, then |mK X | is birational for all m ≥ 5.
Introduction
Given a non-singular variety of general type, by definition, the pluricanonical system |mK X | defines a birational map ϕ m to a projective space, for all sufficiently big integers m. It is a natural question to try and find a reasonable effective bound for such integers m. When dimX = 1, it is classically known that ϕ m is an embedding for m ≥ 3. For surfaces, by a result of [Bo] , ϕ m is birational for m ≥ 5. Recently, following ideas of Tsuji (cf. [Ts1] , [HM] , [Ta] ), it has been shown that for any positive integer n > 0, there exists a positive integer r n > 0 such that ϕ m is birational for m ≥ r n for all varieties of general type and of dimension n. Tsuji has also shown [Ts2] , that r 3 ≤ 18(2 9 · 3 7 )!. Recently Todorov [To] , has shown that for all but finitely many families of 3-folds of general type, the 5-th canonical map is birational.
The purpose of this note is to study pluricanonical systems on irregular varieties, i.e. varieties with q(X) := h 0 (X, Ω X ) > 0. In view of recent results on irregular varieties, one might hope that their geometry behaves similarly to that of surfaces. In this article we are in fact able to prove the following: Theorem 1.1. Let X be an irregular smooth projective threefold of general type with χ(ω X ) > 0. Then |mK X + P | is birational for m ≥ 5 and for all P ∈ Pic 0 (X).
It is easy to see that this result is optimal. Consider in fact a surface S of general type such that |4K S | is not birational and a curve C of general type. For all P ∈ Pic 0 (C × S) ∼ = Pic 0 (C) one sees that |4K C×S + P | is not birational.
The main technical ingredient is the technique developed in [CH1] , where the Fourier-Mukai transform and vanishing theorems are used to study adjoint linear series on irregular varieties. For the reader's convenience, in Section 2 we recall the main result from [CH1] . Its
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1.1. Notation. We work over the field of complex numbers C. (A). We will denote by P, the Poincaré line bundle on A ×Â.
Linear series on irregular varieties
We begin by recalling several important consequences of the theory of Fourier-Mukai transforms that will be needed throughout the paper.
Let A be an abelian variety. Recall that there is a functorŜ from the category of O A -modules to the category of OÂ-modules defined bŷ
Here p A and pÂ denote the projections of A ×Â to A andÂ. Similarly we define S(N ) = (p A ) * (P ⊗ p * Â N ). Let RS (resp. RŜ) be the derived functor of S (resp.Ŝ) between the corresponding derived categories. By a result of Mukai (cf. [Mu] Theorem 2.2), we have: Theorem 2.1. There exist isomorphisms of functors
A coherent sheaf F on an abelian variety A is said to be IT (
, and one of the points
Proof. Let z ∈ Z be a general point and F the fiber over z. By z being general, we mean that
We first look at the short exact sequence, obtained by evaluated at x:
Pushing forward to Z, we get
one sees that the induced map
is non-zero, whence surjective.
By Corollary 10.15 of [Ko3] ,
Before we move forward to the proof of the next two statements, we remark that the assumption that
(by tensoring ( * ) with a * P and replacing x by x 1 ).
To see (3), we begin by looking at the exact sequence
The last map factors as
It is obtained by evaluating at
shows that this is surjective. Again, by applying Lemma 2.3 to the sheaf a
, we are done. Finally we consider (2). Again we have (assuming now that x 2 lies over z):
But now we look at the map
which is obtained by evaluating at x 2 . Since a( ⊗C(z) and hence the above map is surjective. By Lemma 2.3 we are done.
We now fix some notation and conventions. For any P ∈ Pic 0 (X), we define B m,P to be the fixed component of |mK X + a * P | and B m (resp. B m,F ) to be the fixed component of |mK X | (resp. |mK F |). After replacing X by an appropriate birational model, we may and we usually do assume that B m,P , B m,F have simple normal crossing support.
We need the following:
. Then after replacing X by an appropriate birational model if necessary, there exist positive integers a, b and there is a normal crossing divisor
Here H is a given nef and big divisor on W and a, b are sufficiently large integers depending on H and K X .
Proof. Please see [CH1] , Lemma 5.1. 2.7. General setting. We can now work on a more general setting. Let a : X → Z = a(X) ⊂ A be a morphism to an Abelian variety A. Usually, we take the Albanese map of X. Let ν : W → Z be a desingularization of the Stein factorization over Z. Replacing X by an appropriate birational model, we may assume that there is a morphism g : X → W with connected fibres. We assume that X is of general type. It follows that K X is W -big. Let F be the general fiber of g. In the following discussion, we will assume that P m (F ) > 0 for some m ≥ 2. We then take B m =
B ab
with B ∈ |ab(m − 1)K X − g * bH| as in Lemma 2.5 and
Theorem 10.15, since H is the pull back of a nef and big divisor on Z, one sees that
Assume that for some integers m, n ≥ 1, mK X and nK X are full and consider the morphism
And it follows that x is not a base point of
By Corollary 2.4, we can now deduce the main result of this section. Proof. (1) follows from Corollary 2.4 (2) since for two general points x 1 and x 2 , we have seen that
(3) follows from Corollary 2.4 (3) since we assumed that |(m+n)K F | is birational and so, since by Lemma 2.5 we have (
(2) and (4) now follow by considering the morphism
Let F be an irreducible component of a general fibre of the Albanese map a = alb : X → a(X). Turning to a more detailed discussion, we now distinguish varieties according to their Albanese fiber dimension, i.e. f := dimX − dima(X). We would like to remark that an analogous result holds for arbitrary non-trivial morphism to an abelian variety.
Proposition 2.9. Let X be a smooth projective variety of general type with q(X) > 0.
(
(X) and for m ≥ 5 (resp. m ≥ 6).
Proof. If f = 0, then X is generically finite over its Albanese variety. By Lemma 2.2 K X + L 2 is full and hence so is 2K X . Clearly |mK F | separates points on fibers for m ≥ 1, so (a) and (b) follow from Theorem 2.8, letting m = n = t = 2. If we assume that K X is full, then we let m = n = t = 1.
If f ≥ 1, one sees that for m ≥ 2, mK X is full if and only if P m (F ) = 0. Since F is of general type, for f ≤ 2 it is well known that P m (F ) > 0 for all m ≥ 2. Therefore mK X is full for m ≥ 2.
If f = 1, mK F is birational for m ≥ 3. By Theorem 2.8, we have (a) and (b), by taking m = n = t = 2. If we assume that K X is full, then let m = 2, n = t = 1.
Finally, if f = 2, then mK F is birational for m ≥ 5. By Theorem 2.8, we have (a) and (b) by letting m = 3, n = t = 2. If we assume that K X is full, then we let m = 4, n = t = 1.
Varieties over curves of genus at least 2
In this section, we study the case in which the Albanese image is a curve of g ≥ 2.
Proposition 3.1. Let a : X → C be a morphism from a smooth projective variety of general type to a curve of genus g(C) ≥ 2 with a (connected) general fiber F . Suppose that for some
Proof. Fix an integer k 0 such that P 2k (F ) > 0. We write
for some ample line bundle H of degree (4g(C) − 7)k. By the weak positivity of a * (ω 2k X/C ) (cf. [V1] ), one has that the restriction map H
is surjective for all n k sufficiently large and divisible by k and by m. Therefore, a * (ω 2n X (−3nF )) is a vector bundle of rank P 2n (F ) and degree at least P 2n (F )(4g(C) − 7)n. Since F is of general type, by RiemannRoch, one sees that 2K X − 3F is big. We write |2nK X − 3nF | = |N n | + B n where B n is the fixed part. We have 2nK X ∼ M n + B n = (N n + 3nF ) + B n . After replacing X by an appropriate birational model, we may assume that |N n |, |M n | are free and that B n is a divisor with normal crossing support. Note that M n is nef and big. We write
By the above surjection, we have that
Since m divides n, we have that
Similarly,
and
By Kawamata-Viehweg vanishing, one has that
Consider the short exact sequence:
Similarly, one has the surjection
If |mK F | is birational then |K X + L m + a * P | separates general points on F and so does |mK X + a * P |. This completes the proof.
Varieties over elliptic curve
In this section, we consider varieties X of general type admitting a morphism to an elliptic curve a : X → C. We will use the results and the notation of [At] .
Proof. Clearly, we have an inclusion a * (ω m X ⊗I) → a * (ω m X ). As in (2.7), one sees that they have the same rank. Let Q be the cokernel. Then Q has generic rank 0 and hence is supported on finitely many points.
). This is a contradiction. Therefore, Q = 0.
For simplicity, we will write E m := a * (ω m X ). Definition 4.2. Let E be a vector bundle on an elliptic curve C. We define
Recall that a maximal splitting of a vector bundle E of rank r (on an elliptic curve C) is a sequence of vector bundles (
Recall also that by a result of Atiyah [At] , given an indecomposable vector bundle E of rank r on an elliptic curve, there is a maximal splitting
We also remark, that by a result of Tu [Tu] , any indecomposable vector bundle is semistable.
Lemma 4.3. Let E be an indecomposable vector bundle on an elliptic curve, then the following are equivalent
⊗ P * ) = 0 and hence there is a non-zero homomorphism P → E * . This is impossible as by [Tu] , E * is semistable of negative slope. Proof. This can be easily proven by induction on rank. If the rank of E is 1, then the statement follows from the fact that h 0 (E) > 0. Suppose that the statement is true when the rank is < r. Given E of rank r, the quotient bundle F = E/L 1 has a decomposition F = ⊕F i where each F i is indecomposable with d(F i ) ≥ 1. It follows from the inductive hypothesis that each F i and hence also F is generically generated by its global sections. Since H 
Proof. See [Tu] .
Lemma 4.9. Let E be an IT 0 vector bundle which admits a short exact sequence
Proof. We distinguish the follows cases: 1. Q is torsion. For every indecomposable component of E, say E i , there exists a nonzero map from an indecomposable component F j of F . By Lemma 4.8,
For any E i , there exists a non-zero map from a component
In general, let L := Q * * , and K := ker(E → L). Then it is clear that K fits into a short exact sequence
Proof of the main Theorem
Proof of Theorem 1.1. We distinguish the follows cases according to their Albanese fiber dimension: 1. f := dim X − dim alb(X) = 0. It follows from generic vanishing theorem (cf. [GL1] , [GL2] ) that if χ(ω X ) > 0, then K X is full. Therefore, by Proposition 2.9, we are done.
By the generalized generic vanishing theorem of [CH2] , Proposition 2.2, one sees that a * ω X is full and hence so is K X . Therefore, by Proposition 2.9, we are done with this case. 3. f = 2. Let a : X → C be the Albanese map. Note that a has connected fibers. Consider in its Stein factorization X → W → C. Since W is normal, it is a smooth curve. There are induced maps of abelian varieties Alb(X) → Alb(W ) → Alb(C) which are easily seen to be isomorphisms, so that W = C. 3.a. If g(C) ≥ 2. This case follows from Proposition 3.1. 3.b. g(C) = 1. We may assume that q(X) = 1 and thus p g (X) ≥ 1. We have that
Hence, one has χ(C, a * ω X ) > 0. So by the generalized generic vanishing of [CH2] , Proposition 2.2, we see that K X is full as in Case 2.
Let F be the general fiber of a and F 0 be its minimal model. If |4K F | is birational, then we are done by Theorem 2.8. So by Bombieri's classification [Bo] , it remains to consider the case that (K 2) . We recall that for this surface, q = 0, |K F 0 | has a unique base point and |2K F 0 | is base point free. 
In particular, there is a surjection
for general y ∈ U . If follows that |mK X + P | separates points on a general fiber F y for m ≥ 5. Since |mK X + P | also separates points on different general fibers for m ≥ 3 (cf. Theorem 2.8), we are done.
Therefore it remains to verify the Claim. is also exact for m = 1, 2. By an easy dimension count, the above statement follows.
We now consider the multiplication map
By the above claim, one sees that ϕ m has cokernel of generic rank ≤ 1 for all m ≥ 1 and it is generically surjective for m = 2. We now distinguish the following cases: 1. E 1 := a * ω X is indecomposable. Since K X is full, so is E 1 . By the semipositivity of a * ω X , we have that deg(E 1 ) ≥ 0. If deg(E 1 ) = 0, then E 1 ∼ = U ⊗P for some vector bundle U with maximal splitting (O C , O C ) and some P ∈ Pic . According to the ring structure given in [At] , one sees that ν(E 1 ⊗E 1 ) ≥ ν(E 1 ) + ν(E 1 ) ≥ 1 and hence ν(imϕ 1 ) ≥ 1 by Lemma 4.8. Moreover, the cokernel of ϕ 1 is IT 0 and has rank ≤ 1,
